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Abstract-Every graph with n 5 8 vertices has niche number 0, 1, 2 or co, except for two graphs 
with n = 8 that have niche number 3. This finding supplements our earlier results which proved the 
existence of graphs with arbitrarily large niche numbers and identified graphs with n 1 11 vertices 
that have niche number 3 or 4. 
1. INTRODUCTION 
An undirected graph G = (V, E) with n = IV1 vertices and ]E( edges (no loops or multiple edges) 
is niche-like if there is a finite set X disjoint from V and an acyclic directed graph D = (VUX, 4) 
with vertex set V U X and directed edge relation 4 such that, for all a, b E V U X, 
{a, b} E E w {u 4 5, b + x} or {z 4 a, z 4 b}, for some z E VU X. 
When this holds, we say that D induces G. We recall that D = (V U X, 4) is acyclic if D U X 
never has distinct vertices 21, x2, . . . , x,suchthatx~~x~+r,fori=1,...,m-1andx,-:xr. 
When x + y, it is often said that x is dominated by y, or that y dominates x. 
The niche number q of G is co if G is not niche-like; otherwise, 
q(G) = min{]X] : D = (VUX, 4) induces G}. 
Cable, Jones, Lundgren and Seager [l] introduced niche-like graphs as natural extensions of 
competition graphs [2] and identified graphs with q E (0, 1,2,oo}. They left open the question 
of whether v(G) can be in {3,4,. . . }. An analysis of graphs with no complete subgraphs K,,, of 
order m 2 3 enabled Fishburn and Gehrlein [3] to construct graphs with 77 = 3 [n = 141 and 
q = 4 [n = 11, 121 and t o prove that there are graphs with arbitrarily large finite niche numbers. 
We noted also that 
Our purpose here is to show there are exactly two graphs of order 8 with q = 3, and that no 
graph with n = 8 has 3 < q(G) < 03. We refer to the order-8 graphs with q = 3 as Gr and Gz. 
They are shown in Figure 1 along with digraphs (directed graphs) with 11 vertices that induce 
them. 
Graph Gr consists of a KJ on {1,2,3,4}, a C4 cycle on {a, b, c, d}, and four other edges such as 
{ 1, a} that connect the two. Gz is composed of disjoint Ka’s on {a, 1, x} and {b, 4, y}, plus four 
Cd’s. Since each has KS’S, neither is triangle free. Gr has 14 edges and Gz has 13. 
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Figure 1. In D, T + s if a single line goes from T up to s. Points in X are denoted 
by o. 
Table 1, which extends the table in [3], highlights the special nature of Gr and Gz. For 
2 < n < 8 there are precisely 12,345 unlabeled graphs without isolated vertices. Of these, 11,224 
have finite niche numbers, but only Gr and GZ have r] = 3. Our count of 11,302 nonisomorphic 
graphs on eight vertices without isolated vertices is due to Mijhring [4]. The next section explains 
how we generated the finite-n counts for n = 8. 
Table 1. Niche number distributions for unlabeled graphs without isolated vertices: 










0 1 2 3 4 “’ 00 
0 1 0 0 0 0 
1 1 0 0 0 0 
4 1 1 0 0 1 
17 1 1 0 0 4 
96 6 3 0 0 17 
726 43 21 0 0 98 










After Gr and Gs were discovered by the procedure outlined in the next section, we double- 
checked their q = 3 status by another computer routine. This is described in the third section. 
We note there that it is feasible but time-consuming to verify without computer assistance that 
q(Gi) I 2 is impossible. This was in fact done for Gr, but not Gs, so that Gr has been triple- 
checked for its status as a graph of minimum order that has niche number 3. 
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2. NICHE NUMBERS FOR n = 8 
Let I& be the set of all &vertex unlabeled graphs without isolated vertices that have niche 
number Ic, for k = 0, 1,2,. . . . Also, let V1, be a set of acyclic digraphs of order 8+k whose members 
necessarily induce every G in ck. (A procedure for generating a suitable Vk is described shortly.) 
We say that D E DDI, is niche minimal if it induces a G E & and no D’ E L9j for j < k also 
induces G. We do not presume at the start that any particular D in VDI, is niche minimal, so we 
consider the graph G’ induced on all 8 + k vertices by D. If G’ has an g-vertex induced subgraph 
G without isolated vertices, plus k isolated vertices, then G E cc U .Cl U . . . U Lk. 
For listing and isomorphism checks, we label vertices so that V = {1,2, . . . (8) and 
X = {9,10,...}, d t an s ore G’ and G in O-l matrix form. The same labels are used later in 
this section to describe initial restrictions on acyclic digraphs that might be niche minimal. 
Our basic procedure that generates the & is as follows. 
Step 0. Set k = 0. 
Step 1. Generate Vk. (See below for restrictions.) 
Step 2. Proceed sequentially through Vk. For each D E z)k, determine its G’ induced on all 
8 + k vertices. If G’ does not have an &vertex induced subgraph G without isolated 
vertices, plus k isolated vertices, discard it and go to the next D. Otherwise, if G is 
not isomorphic to a graph in t, for 11 < k and is not already determined to be in &, 
then enter G in & and go to the next D E &. 
Step 3. When Vk is exhausted, increase k by 1 and return to Step 1. 
We ran this procedure through k = 4 where (&I = 0. The fact that I.&( = 0 is shown along 
with the cardinalities of LO through ,Cs in row n = 8 of Table 1. For k 2 5, an easy proof shows 
that no g-vertex G has finite n(G) 3 5. 
Our Vk used restrictions that limit the number of acyclic digraphs that need to be considered 
as potentially niche minimal. The most important are: 
Rl. If D E &, then its inverse can be excluded from Vk, since it induces the same G’; 
R2. No D E vk has an isolated vertex. More generally, every D E j5)k is connected, for if a D 
is not connected, its components can be stacked vertically with single directed edges from 
one ‘minimal vertex of a component to one maximal vertex of the next lower component. 
Such additions do not affect G’, and if an augmented connected D is potentially niche 
minimal, then this D or an equivalent graph inducer will be in Vk; 
R3. All X vertices must be maximal or minimal in D E vk: see [5, Lemma 2.11 or [3, Section 11; 
R4. For D E Z)k, every X vertex must be adjacent to at least one vertex in V = {1,2,. . . ,8} 
that is not adjacent to any other vertex in X: see [5, Lemma 3.31; 
R5. Every X vertex must induce an edge for G’ not induced by a V vertex (else the X vertex 
is redundant), and no pair of X vertices is dominated by (4) another vertex, or dominates 
(+) another vertex (else X vertices will not be isolated in G’). 
These restrictions provide initial conditions for D E vk, k 2 1, in the form of directed edges 
between vertices in X = {9,10,. , . } and in V = {1,2, . . . , 8) that were imposed on all digraphs 
in Vk. Sets of initial conditions for Vi through Vo4 are shown, respectively, on Figure 2(a-d). 
For example, every constructed acyclic digraph in V4 contains one of the 10 subconfigurations in 
Figure 2d. The reason that & is empty is that every such D that also satisfies R2-R5 and induces 
a G’ with an (I-vertex G (no isolated vertices) plus four isolated vertices (9-12 by construction) 
has a correspondent in a Vk, for k < 3, that induces the same G. In other words, every such G 
is already in an & for k 5 3. 
To avoid unnecessary consideration of label permutations that do not affect G’, we adopted 
the convention for distinct vertices i and j in V that are not in the initial condition, that i > j 
whenever i + j. 
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Figure 2. Initial conditions for digraph construction. 
3. ADDITIONAL VALIDATION 
To double-check r](Gr) = q(Gs) = 3, a different computer program was written to reverse the 
induction process. The new program begins with a graph G on 8 vertices with no isolated vertex, 
and a fixed Ic, and attempts to construct an acyclic digraph on 8 + k vertices that induces G. If 
such a digraph exists then n(G) 5 k; otherwise n(G) > k. 
We applied this to Gr and Gs with k = 2. in each case, the edges of Gi were specified in a 
fixed sequence. The program begins by considering all ways (three vertices, two directed edges) of 
inducing the first Gi edge. Given an initial three-vertex configuration, each vertex is considered 
for inducing the second Gi edge in such a way that the directed edge or edges added will not 
induce graph edges that are not in Gi. Directed edge additions continue as long as possible, with 
backtracking whenever unwanted induced edges are unavoidable. The procedure continues until 
an inducing D is found, or until all possible ways of inducing Gi have been exhausted. 
For Gi and Gs, the program concluded without finding a lo-vertex acyclic D that induces Gi, 
so q(Gi) 1 3 in each case. 
It is also possible (and time consuming) to do the Gi 4 D process without computer assistance, 
but with the aid of auxiliary results that obviate exhaustive search. This was done for Gr but 
not Gs, with the same result just noted. 
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